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Abstract. For a class of infinite lattices of interacting anharmonic oscillators, we study the existence of the 
dynamics, together with Lieb-Robinson bounds, in a suitable algebra of observables. 

Q-r 1. Introduction. Statement of results. 

J: 

Infinite lattices of nearest-neighbors interacting harmonic oscillators are a usual model in quantum 
statistical mechanics. Among the objects associated to this model, an important one is the dynamics 
describing the time evolution of some algebra of observables, related to the lattice. Such dynamics on a 
lattice was defined by Malyshev-Minlos [MA-MI] and by Thirring [TH], when the potential is a quadratic 
form. 

> . 

We also note that, for bounded Hamiltonian models, Lieb and Robinson have established in [LI-R] an 
estimate, concerning the propagation speed for the correlation between two local observables. For these 
models, the existence of the dynamics is proven, for example in [NOS], in some algebra (not the same as in 
[MA-MI] or (TH]). 

More recently, Nachtergaele, Raz, Schlein and Sims [NRSS] have derived Lieb-Robinson type inequalities 
OS . for lattices of harmonic oscillators with quadratic interactions with, moreover, on each site of the lattice, a 

self-interaction potential in a more general class. More precisely, Lieb-Robinson type inequalities are proved 
([NRSS]) for Hamiltonians associated to a finite subset A of the lattice, and hold uniformly in |A|. However, 
to the best of our knowledge, the existence of dynamics as |A| — * oo is established when the potential is a 
quadratic form, but not with smaller perturbations. 

The aim of this article is twofold. On the first side, we define a C*— algebra W2 which seems to be more 
convenient, when the perturbation is turned on, than the Weyl algebra defined in [MA-MI] or in [TH], or 
than the one used in [NOS]. In particular, we prove the existence of a dynamics (defined as a limit when the 
number of sites goes to infinity) for local and non local observables in this algebra. On the other side, we are 
able to perturb the quadratic potential of interaction in a more general way than in [NRSS], with not only 
self-interacting terms. In this framework, we also obtain the Lieb-Robinson type inequalities, with a bound 
for the propagation speed of the correlations. 

We make the choice here to consider a one dimensional lattice TL in order to simplify the notations. For 
each subset A„ in the lattice TL written as A„ = {— n, +n} (n > 1), we define a Hamiltonian i?A ra m 1R A " 
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V An =V^ ad + V£ rt . 



where the potential V£ 
perturbation of V^" ad . 



is a definite positive quadratic form on M A " and where V^ ert is viewed as a 



The quadratic potential is defined for all n by: 
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(1.2) 




b ^A^A+l 



A=— n 



where a and b are two real numbers verifying a > 2b > 0. 

Precise hypotheses on the perturbation potential are stated in (Hi) and (H2) (see below). These 
assumptions imply that Vl^ rt is a multiplication operator by a real-valued function v 9 ^ 1 belonging to 
C 3 (IR A "), and satisfying v^ t (x) — o(|x| 2 ) near infinity. 

Following Kato-Rellich's theorem, the operator H\ n defined in (1.1), with the hypotheses (Hi) and 
(H2), is self-adjoint with the same domain as the harmonic oscillator on IR A ™. Hence, we can define the 
unitary operator e ltHA ™ (i £ E). 

Thus, the following operator is well-defined: 



for all A e C(H\ n ), (where 7Ya„ = £ 2 (1R A ")), and for all i e E. It is then natural to ask whether this 
sequence of operators has a limit when n tends to +00, and for which class of operators A ? More precisely, 
we are looking for a Banach algebra A satisfying the following conditions: 

- The spaces £(i 2 (lR A )), (where A is a finite subset of 7L), is isometrically immersed in the algebra (the 
elements of C(Ha) are under this identification called local observables supported in A). 

- For all local observables A, the limit as n tends to infinity of (A), denoted by a^(A), exists in 
this algebra A. 

- This operator cr*', defined in this procedure for local observables A, may be extended by density to 
the whole algebra A, and acts in a continuous way. 

Several works, related to this issue, have considered the C*— algebra A of the quasi-local observables. 
Let us recall its definition (cf [SI]). For each finite subset A in 7L set Ha = L 2 (Si A ). One notes that, if 
A C A' then £(Ha) is isometrically immersed in £(Ha>). Therefore, one may define A as the completion of 
the inductive limit of the spaces C(H\): 



This algebra is well-adapted in the case of bounded potentials, or when the first order derivatives are 
bounded (cf e.g. the work of [NOS] for the existence of a dynamics, or [ACLN] for estimates on the decay 
of the correlations), whereas it might not be suitable for the perturbated quadratic case studied here. 



(1.3) 



a { l ] (A) = e ltH ^Ae~ ltH ^ 



(1.4) 




k<ZTL 
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Another algebra, the Weyl algebra, is considered by Malyshev-Minlos [MA-MI] and by Thirring [TH]. 
This algebra fits to the non-perturbated quadratic case (V^ rt = 0), and it is defined using the Fock space's 
formalism. 

The space H denotes the symmetrized Fock space H — F S (£ 2 (7L)), associated to the Hilbert space i 2 {7L). 
For all A e 2Z, on defines the two self-adjoint operators Pa and Q\ in the Fock space, verifying the same 
commutation relations as the position and momentum operators in L 2 (IR"). (Note that there is here an 
infinite number of these operators.) For each finite subset A de 2Z, the space £(H\) (where Ha = L 2 (M A )) 
is isometrically immersed in £(H). This identification extends also to non bounded operators. Thus, the 
multiplication operator by x\ and the operator (A e A) becomes the two operators Q\ and Pa, 

sometimes denoted in this paper by and 

(1-5) QT=Qx = x x q^ =Px = 1 -JL 

i ax\ 



The Fock spaces formalism allows us to properly define, for all real sequences u and v in ( 2 (7L), the non 
bounded self-adjoint operator, (the Segal operator), formally defined by: 

(1.6) U(u,v) = J2( u ^+ v xQx) 

The two operators Pa and Q\ are generally not defined by (1.5) anymore, but, instead, H(u,v) is defined 
starting from the creation and annihilation operators associated to £ 2 (7L) (see section 2). The corresponding 
unitary operator W(u, v) = e lTl i u > v ) i s called a Weyl operator. 

The Weyl algebra introduced by Malyshev-Minlos [MA-MI] or by Thirring [TH] is the closure in £(Tt) 
of the subspace generated by the operators W(u, v) (u and v being real sequences in £ 2 (2Z)). 

In the purely quadradic case (V£ ert = 0) and for all A in this Weyl agebra, an explicit analysis allows 

us to define properly ol^ (A) (even if A is not supported in A„) and to define the limit operator a'*' (A) such 
that, for all / G 7i: 

" [a { H(A)-a^(A)]f 

In order to derive the latter limit, uniform estimates, such as those established in [N-R-S-S], are needed. 



lim 

n—>oo 



= 

H 



Using the Weyl algebra defined above, it is probably difficult to also obtain these results when the 
potential of perturbation is turned on. The purpose of this work is then to extend the above results to 
the quadratic case with perturbations by involving another algebra W2 included in C(TL). Furthermore, the 
Lieb-Robinson estimates in [N-R-S-S] are also extended to that framework. 

Before giving the definition of W2, let us mention that the works of Caldcron-Vaillancourt [C-V] and 
Bcals [BE] (see also Hormandcr [HO]), give an important role to a particular subalgebra of £(L 2 (H")) or 
here, of £(L 2 (]R )), for all finite subset A in 7L. This particular subalgebra OPS (Si ) is the set of pseudo- 
differential operators on IR A , associated to symbols that are bounded, together with all of their derivatives. 
From Beals [BE], these operators are characterized by the following property, implying the operators 
and Q A 1} defined in (1.5) for all A e A. An operator A in £(£ 2 (]R A )) is in OPS°(TR A ) if, and only if, all 
the iterated commutators (ad Q Xl ) ...(ad Q^ m )A, (with Ai, ... A m are in A, m > 0, and kj € {0,1}), are 
bounded operators in L 2 (IR A ). (The commutators are known to a priori map from <S(1R A ) into <S'(1R A ).) 

Replacing A by zZ, one may analogously define a decreasing sequence of subalgebras Wk in C(H) (k > 0). 
Set W = C(U). We denote by Wi the set of all A in W such that, for all A G 2Z, the commutators [A, Q\] 
and [A, P\] are bounded in H, and such that the sum in the following norm is finite: 

(1-7) P|| Wl = P|| Wo + £ || [A, Of] || Wo 



ACT 

k = 0,l 
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Note that the above commutators are properly defined in section 2. From now on, the operators Q\ = Q\ 
and = P\ are defined through the Fock space's formalism, and not by (1.5) anymore. 

Let us denote by W2 the set of all operators A G Wi such that the commutators [Q^ , A] belongs to 
Wi for all A in 7L, and such that the sum in the norm below is finite: 

(1-8) \\A\\ W2 = \\A\\ Wl + l - J2 I [[AQ^], Q™] I 

(A.fi)ezz 2 

0<j,fc<l 



An example. For all u and v in ^{TL), the Weyl operator W(u,v) — e m{ - u ' vS > is in Wk (0 < k < 2). 

One might define similarly a sequence of algebras Wk using iterated commutations. In particular, the 
intersection set of these algebras could correspond to an analogous of OPS in infinite dimension. Other 
particular classes of pseudo-differential operators in infinite dimension are studied by B. Lascar (see [LI] 
[L2],...). 

Among all of these algebras and for our point of view, it is W2 that appears to be the most suitable to 
our study. If A is not supposed to be an element of W2, A being only assumed to be in £(H) and supported 
on a finite subset E of 7L, it appears to be possible to show that, for all / in TL, the sequence (A)f weakly 
converges in H. If this limit is denoted by a^(A)/, it is not clear whether the map t — > a'*' is continuous, 
neither whether may be extended to a suitable Banach algebra. 

More precise estimates are obtained when the local observable A belongs to W2- Before that, let us 
describe now the perturbation potential. 

Hypotheses on the perturbation potentials. The operator V^ r * is written as the following sum: 

(i-9) viT = E v *+ E 

where the operators V\ and are defined for all A and \i in 7L, and verify the assumptions below: 

(HI) For each pair (A, ^1) of 7L with A ^ /i, is a multiplication by a C 3 real-valued function depending 
only on the variables x\ and x^. Moreover, denoting the Fourier transform of (on H 2 and in the 
sense of distributions), the distributions ^^u^ belongs to L 1 (IR 2 ) if 2 < j + k < 3. Furthermore, there 
exists Co > and 70 > 0, (not depending on A and y(i), such that: 

(i-io) E MUfi^hn*.') <cw |A ^i 

2<j+fc<3 



(1.11) |Vu AM (0)| <Coe-T°l A -"l. 

(H2) For each point A in 7L, V\ is the multiplication by a C 3 real-valued function v\ depending only on 
the variable x\. If we denote by v\ the Fourier transform of v\, the distributions ^ x v\ are in L 1 (IR) when 
2 < j < 3, and 

(1-12) E Ui^hHM) < Co, |V« A (0)| < C . 

2<j<3 



In particular, in the case of interactions between nearest neighbors, one has = if |A — /x| > 2. It 
is then sufficient that the integrals in the l.h.s. of (1.10) and (1.12) are uniformly bounded in A. In that 
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case, the hypotheses (HI) arc (H2) satisfied for any 70 > and in all the results below, the phrase «for all 
7 e]0,7o[»is replaced by «for all 7 > 0». 

For each integer n, the perturbation potential V£ ert and the Hamiltonian H\ n arc defined by (1.9) and 
(1.1) respectively. In [NRSS], the authors have only considered the V\s. We shall say that an element A 
of W2 has a finite support if there exists a finite subset E in 71, such that A is identified to an element of 
£(He)- The smallest set having this property is called the support of A and is denoted by a (A). 

Theorem 1.1. Under the above hypotheses, for all element A e W2 with finite support, for all fel, for 
all n such that A„ contains the support of A, the operator ( A) belongs to W2 ■ Moreover, there exists two 
real positive real numbers C and M not depending on n and t such that: 

(1.13) \\a { Z(A)\\w 2 <Ce M l*lp|| W2 . 

Furthermore, for each f G H, the sequence (A)f strongly converges in H. Denoting this limit by {A)f, 
the map t — > a^(A)f is strongly continuous, the operator a^\A) is in W2 and one has: 

(1-14) \\a {t \A)\\ W2 <C e M l*l||A||w 2 . 



In the first part of this theorem, (where n is fixed), one may think that acts in the algebra Wfe, 
defined similarly as Wi and W2, but with iterated commutators of length k, and for operators supported in 
A„. (The hypotheses (HI) and (H2) naturally need to be strengthened.) From Beals characterization, one 
would deduce a group action of ol^ on the operators in OPS°(TR A ). An alternative approach concerning 
this problem may be found in the works of Bony (see [BOl] and [B02]). 

Moreover, under the hypotheses of theorem 1.1, the automorphism (initially defined for local 

observables) , is extended in a unique way to the whole algebra W2 (see below). To this end, we introduce 
Sobolev-type spaces. 

Let H 2 be the subspace of the / gH such that the following norm is finite: 
(1-15) ||/|| wa = ||/|| w + sup \\Q^f\\n + sup WQ^Q^fWn- 

0<3<1 0<j,k<l 

Since a convergence in norm is needed, theorem 1.1 is now completed with the result below: 

Theorem 1.2. There exists C > 0, 7 > and M > with the following properties. For all A in W2 with a 
finite support denoted by a(A), for all n such that A„ contains cr(A) and for all t £ H 7 we have: 

(1.16) J {a^(A) - aM(A)] \ c{n2 n) < Ce M \%-^ A ^\\A\\ m 

Moreover, 

(1-17) ll« (t) (^)IU(^,w)<Ge M l t l||A|| jC(wa , w) 



The set of all observables having a finite support is not dense in W^- In order to extend we shall 
use, instead of density, the following two results. 
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Theorem 1.3. Set A in V\?2- Then there is a sequence (A n ) in W 2 such that each A n has a finite support, 
and such that: 

(1-18) \\A n \\w 2 < \\A\\ W2 , lim \\A n - A\\ c{H 2 tH) = 0. 



Theorem 1.4. Let (A n ) be a sequence of operators in W 2 . Suppose that ||^4n||w 2 < 1 and assume that there 
exists A S £(H 2 ,H) such that \\A n — A\\^ H 2 iH ^ tends to 0. Then A may be extended to an element of C(H) 
which belongs to W 2 and ||^4||w 2 < 1- Moreover, for all f £ H the sequence A n f converges to Af in Ti. 

Consequently, we easily deduce from theorems 1.1 - 1.4 that may be extended, in a unique way, to 
the whole algebra W2, without any conditions on the finiteness of the supports (see section 7). The map 
is not a W2 norm conservative map, but it is C(H) norm conservative. Using this point, ay' is extended to 
the closure >V 2 of W 2 in C(H). Thus, acts in W2 in a continuous way (for the simple topology) and is 
norm conservative. 

Lieb-Robinson's inequalities. 

These inequalities, established in [L-R] for bounded Hamiltonians and, more recently, in [N-R-S-S] for 
quadratic Hamiltonians, express the propagation of the correlation between two observables with separated 
supports, as a function of the time and of the distance between the two supports. 

For all h in 7L, set T h the map in i 2 (7L) defined by (T h u) x = u x+h for all u e ( 2 {7L) and for all \e7L. 
With Th we define a map in the Fock space H = F S (£ 2 (7L)) that is still noted Th- For any A in C(H) we set 
t h {A) - T,~ 1 ATh- 

In our framework, the Lieb-Robinson type inequalities have the following form: 

Theorem 1.5. There exists a real number vo with the following property. For any elements A and B of W2 
with finite supports, for any sequence (h n ,t n ) tending to infinity in 7L x ]R and satisfying \h n \ > t>o|M; f or 
any f <E H, we have: 

(1.19) lim [a^\A) , r hn (B)]f = 0. 



The infimum Vo, of the all the vq satisfying the above property, defines a kind of propagation speed, 
which is different from the usual definitions of phase and group velocities (cf Cohen- Tannoudji [C-T]). 

In the case of cyclic quadratic potentials, (that is to say, without any perturbation, but obtained by 
adding to v£ uad of (1.2) an end point interaction potential —bx n x- n , one finds in [N-R-S-S] an estimate of this 
propagation speed. (In [NRSS] this is written for a multidimensional lattice model.) We shall provide here 
an alternative estimate of the same type, with an elementary proof, given in section 4. The analysis of chains 
of harmonic oscillators with cyclic interactions usually involves the dispersion relation uo{9) = \fa — 2b cos 9, 
(cf [C-T]). It is then natural to define a complex version of this relation, and to define: 

fi(z) = \/a-b(z + z- 1 ), zeC\{0}. 

For any 7 > 0, set: 

M( 7 ) = sup |Im Sl(z)\. 

|*|=ei 

The propagation speed verifies, in the cyclic quadratic case: 

V < inf 

7>0 7 



6 



In a more general case, this estimate is less precise. For all 7 in ]0, 70 [ (70 being the real number appearing 
in the hypotheses (HI) and (H2)), we shall define in Proposition 3.4 a real number S 7 and we shall prove in 
section 8 that the propagation speed verifies : 

2JSZ 

V < inf I 

0<7<7o 7 

The constant number S 7 depends only on a and b, together with the norms in J r L 1 (H) or J r L 1 (M 2 ) of the 
second derivatives of the potentials of perturbation. We then note that, multiplying a, b and the potentials 
of perturbation by a constant g > 0, our estimates on the propagation speed is multiplied by ^fg. 

Section 2 is concerned with the subalgebra Wk- In section 3, properties on V\ n under the hypotheses 
(HI) and (H2) are established. Evolution operators, for finite systems on the lattice, are studied in sections 
4-6. Sections 7 and 8 are respectively devoted to perform the limit n goes to infinity (the number of sites 
tends to infinity), and to derive the Lieb- Robinson's inequalities. 

We are grateful to M. Khodja for helpful discussions. 

2. Algebras of operators in the Fock space. 

Notations on the Fock spaces (cf [RE-SI]). 

For any E subset of TL, the symmetrized Fock space associated to the Hilbert space £ 2 (E) shall be 
denoted He- When E = 7L, this space is still noted H. The ground state of He is denoted by Qe or f) 
when E = TL. 

If E\ and E 2 are two disjoint sets of 7L one may identify Hexue-2 and He x ®He 2 (the completed tensorial 
product). On may also identify £Ie 1 ue 2 with VIe 1 <8> ^e 2 - 

For all real sequence u in ( 2 {7L) we define the two non bounded operators a(u) (annihilation operator) 
and a*(u) (creation operator), being each other the formal adjoint, and verifying the following commutation 
relations: 

[a(u),a(v)] = [a*(u),a*(v)] =0 [a(u),a*(v)] = {u,v), 

for all u and v in £ 2 {7L). 

We shall denote by (ex)(\e , z) the canonical basis of £ 2 (7L). Starting from the ground state fi, and 
applying successively the creation operators, one defines a* (ex^.-.a* (e\ m )n, being orthogonal elements of 
H. Let V be the subspace of H generated by these vectors. It is known that V is dense in H. The space 
V is included in the domain of all a(u) and a*(u), (u e P{7L)). For all / in V there exists a finite subset 
S C TL such that / is written as: / = g ® figc with g e Hs- We then say that / is supported in S. 

Next wc define the Segal operator H(u, v) by: 

(2.1) U(u, v) = a{u) + a * W + aiv) -°. {V) 

V2 iV? 

for all real elements u and v in l 2 (7L\ An clement / G H is the domain of Tl(u, v) if there exists a sequence 
(/„) in V such that /„ converges to / in H and such that U(u,v)f n has a limit in H. Thus, U(u,v) is a 
self-adjoint operator. The associated Weyl operator is W{u,v) = e lII ( u > v ) . 

In particular, for each element eA in the canonical basis of £ 2 (2L) the Segal operators are noted: 



(0) _ a(e\) + a*(e\) p _ n (i) _ fl(e A ) - a*(e A ) 

V 2 ,\2 ' 



(2.2) Q\ = Oi ^ = ^>^p^> P X = Q x 
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Let us write down an orthonormal basis. We shall limit ourselves to the Hilbert space T~i{\} associated 
to a subset of TL reduced to one element A. In this space we again used the construction of V and obtain 
the basis (/i n )(n>o) being now normalized by setting: 

(2.3) h = n {x} h j+1 = (j + ij-'/V^)^ (j>0) 

The space T~t{\} may be identified with L 2 (WL) in an isometric way. Then the basis (hj) becomes the Hermite's 
functions basis, and the operators Q\ and P\ respectively become the multiplication by x\ and the operator 
\-jf-- Effectuating the completed tensorial product, the space TL\ is similarly identified to L 2 (K A ) for each 
finite subset A of TL. 

For any E C F C TL, and any operator T £ C{E), we define ief{T) by the following equality: 

(2.4) i EF {T) = T ® 

If\e, 

where I f \e is the identity in the space TL f \e- In particular, if F = TL the operator iE7z(T) is said to be 
supported in E. 



Sobolev spaces. Let us denote by TL 1 the set of all / £ TL such that / belongs to the domains of the Segal 
operators Q\ = and Pa = for all A £ TL, and such that the following norm is finite: 

(2-5) ||/|| w i = |l/llw + sup \\Q^f\\n 

0<j<l 

The space TL 2 is the set of all f £ Ti 1 such that Q^f anc i f belongs to H 1 for all A in 7L, and with a 
finite following norm: 

(2-6) ||/||^ = ||/||^+ sup \\QfQ^f\\n 

(A,n)eZZ2 
0<j,k<l 

These spaces are dense in Ti since they contain T>. If E is a subset of TL then the subspace TL k E is defined 
analogously in its corresponding Hilbert space TL E ■ 

Commutators, and spaces with negative orders. 

For all A in C(H), for all / £ TL 1 and for any A £ TL the map: 

(2.7) H^S- (AQ^f , g) - (Af , Q^g) < j < 1 

is a continuous antilinear map on the space TL 1 . We denote by TL~ k the anti-dual of TL k (0 < k < 2). 
For any A in CiTL) the map (2.7) is linear and continuous from TL 1 to Hr 1 . It is noted [A,Q^]. One may 
identify TL with a subspace of TL -1 , and the latter one is identified to a subspace of TL~ 2 . Thus, the operators 
Q^P are bounded from TL m to TL m ~ x (— 1 < m < 2), and this allows us to define the iterated commutators 

\ [Q^Ka] , ((A, n) £ TL 2 , < j,k < 1), as continuous linear maps from TL 2 to TL~ 2 . This map is also 
denoted by {adQ ( f) (adQ^) A. 

If there is real number C > verifying : 



(AQff , g) (Af , Q<f>g) 



< C \\f\\n h\\n 
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for all / and g in Ti 1 we shall say that the commutators [A, Q^] are in C(H). Then, for all / in Ti. 1 there 
exists an element Ti noted [A, Q^]f such that we have: 



(APf, g) (Af , Qfg) = ([A,Q^]f , g) 

for all g in Ti. 1 , and the previously defined operator [A, Q^] '■ Ti 1 Ti is extended to an element of C(Ti). 
Proceeding similarly, one gives a precise meaning to ((the commutator [A,Q^],Q^ is in C(Ti))) 



Weyl Algebra. 



We denote by Wi the set of all A in C(H) having their commutators [A, Q^ } ] (0 < j < 1) in L{Ti) for 
all A in 7L, and having a finite following norm: 



(2.8) 



\\A\\ Wl = \\A\\ c{H) + ]T \\[A,Qf]\\ c[H) 



0<J<1 



We denote by W2 the set of elements A belonging to Wi, having commutators [ [A, Q^],Q^] in jC(H) for 
all A and /j in 2, and having a finite following norm: 



(2.9) 



\\A\\ W2 = \\A\\ Wl + \ J2 II [[A,Q { p],Q^] 



0<j,fc<l 



C{H) 



We easily verify the next proposition. 

Proposition 2.1. For all k < 2 the algebra Wk is a Banach algebra. For all A and B in Wk, the following 
inequality holds: 

(2-10) \\AB\\ Wk < \\A\\ Wk \\B\\ Wk 

Any operator A G W 2 is bounded in the Sobolev spce Ti 2 and we have : 



(2.11) 



\A\ 



c(H 2 ,n 2 ) 



< 3 |U| 



w 2 



Proof of theorem 1.4. Let (A n ) be a sequence in W 2 and let A be in £(H 2 ,H) satisfying: 



A n \\w 2 < 1 



lim \\A n -A\\ c( < H ?,H)=0 



For each / in Ti 2 , one deduces that \\Af\\ < \\f\\ and A is thus extended by density to an element of C(Ti) 
with a norm satisfying: 

mikfW) < liminf \\A n \\ c(n) 
For all A in for all / and g in V and for any n > 1 we see: 

(AQ^f , g)- <Af, Qfg) \ < \\[A n ,Q^}\\ \\f\\ n \\g\\n + e n 

where the sequence e„ tends to 0. As a consequence: 



(AQ^f ,g)-<Af, Q^g) 



0), 



< 



\ n \\g\\n limmf || [A n , Q®] 



Since T> is dense in Ti} this inequality is still valid for all / and g in Tt 1 . With the above definition the 
commutator [A, Q^] is thus in C(H) and one has: 

\\[AQ^]\\ c{ n)< hminf||K,Q«]|| £(w) 

From Fatou's lemma one deduces: 

Will ^-i;™;„f \\\ a r>0')l 



E ii[Agi 3) ]ii£ W <Hminf e HK^r]iUw 



0<j<1 0<j<1 



It is similarly derived that the commutator [ [A, Q^],Q^ ] is in £(H) for all A and fi in TL and that: 



(A,f,)ezz2 (A,H)£2Z2 
0<j,fe<l 0<j,fc<l 

Theorem 1.4 is then an easy consequence of these points. 



□ 



In order to derive theorem 1.3, we shall construct, for each subsets E and F such that E C F C TL, 
an almost right inverse of the operator ie,f defined in (2.4). Set Clp\E the ground state of F \ E. Let 
ttef ■ He — * Hf be the map 

(2.12) /-»7tbf(/) = f®n F \E, 

and let 7r|; F be the adjoint operator tt ef : Hf — » He- Note that tt ef ttef = I- For all yl in £(Hf) one 
defines an operator p^b(^4) in £(He) by: 

(2.13) /9F,s(-4)/ = 7r^ F oAo7r Bi r 



Thus, an element ^^^(A) of C(He) is constructed. One can easily see that, for each A € W2: 
(2-14) ||Pf, E (A)|| W2 < \\A\\ W2 

We have also, if E C F C G: 

(2.15) pge = Pfe ° Pgf ■ 



We shall study how an operator A e C(Hf) may be approximated by ief Pf,e{A) when is a subset 
of F, being itself finite. 

Proposition 2.5. T/iere exists a real number C > suc/i t/iai ; /or a/I /mite subsets E and F of TL with 
E C F, and for all A in W2, supported in F, one has 

(2.16) \\A-i EF Pf,e(A)\\c(H*,H)<C E \\(adPxY (adQ x ) k A\\ c{n) 

\eF\E 

l<j+fe<2 



This proposition is proven in Appendix A. Let us show how this proposition implies theorem 1.3. 
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Proof of theorem 1.3. Let A e W2. Set A n = i\ n 2Z PTL,K n {A). The A n arc in W 2 with finite supports and 
verify: ||A„||yv 2 < ll^l|w 2 - If m < ra then we have from Proposition 2.5: 

||^4m — 

l<j+k<2 

The latter sequence goes to when m — > 00 if A € W2. Consequently, the sequence A„ converges, in 
C(H 2 ,H), to an element i? e £(H 2 ,H). From Theorem 1.4, _B is in W 2 and A n / strongly converges to Bf 
for all / G W. Let us check that B = A. To this end, set / and g two elements of V. If A„ contains the 
support of / then A n f = ir\ n 2Z iA„zAf- Therefore, if A„ also contains the support of g: 

(A n f,g) = {-Kh n 7L Tt\ n 7L A f . ^A„^ ^E 2 A n tp) = {^*K n 7L A I i 7r S 2 A„V') = (Af, g) 

Since A n f strongly converges to Bf then < Af,g >=< Bf, g > for all / and g in V. Since I? is dense in 
H the equality £> = A is indeed true. As a consequence A n converges to A in £(H 2 ,H) and the proof is 
finished. □ 

Proposition 2.5 also implies the following result. 

Corollary 2.6. For all A and B in W2 with finite supports, one has: 

(2.17) \\[A,B}\\ C{H ^ H) <C\\B\\ W2 W(adP x y(adQ x ) k A\\ c{H) 



l<j+k<2 



where C is not depending on any of the parameters. 

Proof. We make use of the operator pfe for F = cr{A) U cr{B) and E — F \ <j(B). It is known that pfe(A) 
commutes with B since its support does not intersect cr(B). It is then deduced that: 



\\[A, B]\\ C(H ^ H) = \\[A- PFE (A) , B]\\ ciH , M) 



< 

From proposition 2.1, 



\B\\c(n 2 ) + \\B\\c(H) \\A - Pfe{A)\\c(h 2 ,h) 



\B\\c(h 2 ) + \\B\\c(H) < C||-B||w 2 



Using Proposition 2.5, we find a constant C > 0, which does not depend on any of the parameters, such that 
(2.17) is verified. 

□ 

3. Perturbation potentials and commutators. 

We have to express the perturbation potentials V\ and V x ^, satisfying hypotheses (HI) and (H2) in 
section 1, as integrals of the Weyl operators, and to verify precisely that, under our hypotheses (HI) and 
(H2), these integrals are convergent and define operators in Sobolev spaces. We shall do the same work for 
the commutators of V Xa with elements of Wi, or with Segal operators, or for iterated commutators. These 
norm estimates will be used in following sections. 

Partial Sobolev spaces. 

The Sobolev spaces defined in section 2 are not Hilbert spaces. Nevertheless, for any finite subset like 
A„, the space Ti.\ n may be endowed with an Hilbert space norm which is equivalent, for each fixed n, to the 
norm of section 2. As an example, for k — 1, one may set: 



AEA„ 
j = 0,l 
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For all n, these norms and those on section 2 are equivalent but the constant involved in the inequality 
depends on n. 



Let us choose an orthonormal basis ((p a )( a >o) m the Hilbert space Ha^ ■ We define a map ^ a from Ha„ 
into H by ^f a (f) = f ® <Pa- The adjoint map from H to Ha„ is denoted by "J/*. For all / in H we have: 



| 2 = 
«>o 



Then, we define the space H k (A n ) as the set of all / with a finite below norm: 

(3-1) ll/llw*(A») = E WKfWl 



a>0 



Thus, H k C H k {A n ) C W if k > 0. When fc = 1, an element / of H is in if it belongs to W X (A„) and if, 
for all A g A°, one has Q^/ € W, the sequence of these norms being bounded. This property may be used 
only for fixed n. 

Partial Sobolev spaces with negative order. 

Set H- k (A n ) the anti-dual set of H k (A n ) (k = 1, 2). Thus: 

H 2 (A n ) c W 1 (A„) c H c n-\A n ) c ?T 2 (A„) 

If an operator <E> € jC(H\ , W) verifies ($/, 3) = (/, $3) for all / and 3 in W A , where (. , .) is the scalar 
product in then, for all / G 7Y, the map g — > (/, $3) is an element of W _1 (A„) denoted here by 
Thus, the operator Q A is bounded from li k {A n ) into W fe_1 (A„) (-1 < k < 2 , A g A„). We shall check 
that similar considerations are also valid for the operators i[-P\i ^aJ- The commutator of these two types of 
operators is in C(H 1 (A n ), W _1 (A„)). 

Perturbation potentials and Weyl operators. 

If £ is real sequence in l 2 (7L) with a finite support then the Segal operator n(£,0) defined in (2.1) is 
also written as ~^2i\Q\- Since the hypotheses on the perturbation potentials involve only the derivatives of 
order 2 and 3, the following function shall be implied in the sequel: 

(3.2) x -» F{x) = e tx - 1 - ix = fx 2 [ (1 - 6)e Wx d0 



Set V\ 1 ,a 2 (^1 7^ ^2) the non bounded operator in 7~t{x lX2 } being, under the identification of this space with 
i 2 (K 2 ), the multiplication by a function «AiA 2 - If the latter satisfes the hypothesis (HI), one has: 

(3.3) y Al A 2 = v XlX2 (0) 1+ V (d Xj v XlX2 )(0) Q X] + (2n)- 2 f v^ 2 (0 F(£ Xl Q Xl + Ca 2 0a 2 ) d£ 

l<j<2 ^ 

Under the hypothesis (HI) the integral is convergent and it defines a bounded operator from H 2 in H. 
Commutators. 

In order to study the commutators of V XlX2 with other operators, we shall use the following relations, 
valid for any operators X and A in a Banach space, and for the function F in (3.2): 

(3.4) [e lX , A] = 1 [ e %ex [X, A]e i( - 1 -^ x dO 

Jo 
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(3.5) [F(X),A]=i[X,A] (e tX -I) + i 2 [ (1 - 6)e iex [ X, [X, A] ]e i( - 1 ~ e ' )X d6. 

Jo 

Equality (3.5) is first applied with X = S, Xl Q Xl + £a 2 Qa 2 and A = P Xj (j = 1, 2). Using equality (3.3) 
for V\ ± \ 2 we obtain: 

[Px j ,V XlX2 ] = -i(d Xj v XlX2 )(0)l + J2 Kx a Q*> 

l<fe<2 

JIR 2 x[0,l] 

Under the assumption (HI), this integral converges and defines an operator A^^ in C(H), with a norm 
being 0(e~ 7 °l Al ~ A2 l). Each one site operator is similarly treated. Note that the integrals are then integrals 
on H. We deduce the following proposition concerning the potential V\ n defined in (1.1) and (1.9): 

Proposition 3.1. Under the hypotheses (HI) and (H2), one may write: 

(3-6) lP x ,V An } = ^a{ n) + £ W^Q, 

(n) (n) 

where a\ ' is a real constant number, and where W x ^ is a bounded operator in TL. Moreover, there exists 
C\ > independent of X, fj, and n, such that: 

(3.7) \a{ n) \<C u \\Wj$\\ c(H) < C ie -^-^. 



We can also apply the commutation formula (3.5), still setting X = £ Xl Q Xl + £a 2 Qa 2 , but with A £ W2- 
Inserting the expression (3.3) for V XlX2 and using hypotheses (HI), we obtain the following proposition. 

Proposition 3.2. For all A in W2, for all A and \i in TL, the commutator \A,V Xj f\ is in C(TC 1 ,'H). There 
is C > 0, independent of all the parameters, such that: 

(3.8) \\[A,V Xli ]h(W,H) <Ce-^ x -»\ W(^Q X ) j (ad Q A}\\ £(U) 

l<j+k<2 



Double commutators. 

If A, B and X are three operators such that [X, B] is the identity operator up to a multiplicative factor, 
and if F is the function given by (3.2), then it is deduced from (3.4) and (3.5) that: 

(3.9) [ [F(X),B],A] = t 2 [X,B] [ e wx [X,A] e^^dd 

Jo 

This formula is applied with X = £, Xl Q Xl +£a 2 Qa 2 , B = P Xj (j = 1, 2) and A £ C(H) (in particular A e Wi). 
Inserting the expression (3.3) for V XlX2 and using the hypotheses (HI), on gets: 

(3.10) [[V XlX2 ,P Xj ],A] = ]T S{ k X2 {[A,Q Xk ]) 

l<k<2 

where we set, for all $ in £{H 2 (A n ), 7lT 2 (A„)) 

(3.H) < A2 ($) = {2.y 2 I ^ 2 (0 o$oe'(^(^J 

J]R 2 x[0,l] 
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with the notation X(£) = £ Xl Q Xl + Ca 2 Qa 2 - 

Next we shall deduce the following proposition. 

Proposition 3.3. For all A and fi in A n (n > 1 ), there exists a linear continuous map K Xfl from C(H 2 (A n ), 
TL~ 2 (A n )) into itself, leaving invariant the subspaces C^H 1 (A n ),H~ 1 )(A n ) and£(H), such that, for all A in 
C(TL), we have: 

(3-12) [A,[P x ,V An ] ] = ^ K Xll ([A,Q„}) 

Moreover, when restricted to £(H), K X)1 is in C(C(TL)), and there exists Co > 0, independent of n, A and fi, 
such that 

(3.13) \\Kx4c(C(H)) <C e-^ x -»\. 



Proof. Under our hypotheses, the operator $ — > ^ (<E>) maps C{TL 2 {A n ),TL 2 (A„)) into itself. It also 
maps £(H) into itself, with a norm < Coe~ 7 °l A ~ M l . For one site potentials V\, we define similar operators S\ 
such that [ [V\, P\], A] = S\([A, Q\}), for all A E Wi. We then set, for all A and \i in A„ such that A ^ fi: 

> \-6* + Sj£($) + S^(*) if |A- M | = 1 

and if A = fx, 

= a$ + S X ($) + (SlK*) + 
The equality (3.12) and the estimates (3.13) follows. 

□ 



A consequence of proposition 3.2, (that shall be used in the sequel), is that the left product by the 
matrix ||-KA/i(*)|| leaves invariant the set of matrices with exponential decay. In particular, it is precisely the 
function 5 7 implied in the next proposition which will determine the propagation speed in section 8. 

Proposition 3.4. Under the hypotheses (HI) and (H2) and for all 7 in ]0,7o[ (or in ]0,oo[ in the case of 
interaction with nearest neighbors), there exists 5 7 > such that, for all n, for all A and v in A n : 

E \\KxMc{H))e-^ < S,e-^-»\ ]T \\W x J £{n) e-^ < S,e~^ 

where the K Xfl are the operators constructed in Proposition 3.3 and where the W Xfl are those of Proposition 
3.1. 



Triple commutators. 



If X, A, B, C are operators such that [X, B] and [X, C] are equal to the identity operator up to a 
multiplicative factor, and if F is the function defined by (3.2), then we deduce from (3.9) and (3.4) that: 



[ [F(X),B},A],C 



2 [A, 5] f e wx [ [X,A],C] e l{1 - e)x d6 + i 3 [X,B] [X,C] f e ldx [X,A] e l{1 - e)x d6 
Jo Jo 
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We shall apply this formula with X = S, Xl Q Xl + £,\ 2 Q\ 27 B = P\^{1 < j < 2), A £ W2 and C being a Segal 
operator. Inserting the expression of VxiA 2 given in (3.3) and using the hypothesis (HI), we obtain: 

" [ [V XlX2 ,P Xj ],A],C 

l<fe<2 

where S A * A2 ($) is the operator defined in (3.11) and Tj^ ($, C) is defined by: 

JlR 2 x[0,l] 

If C is Segal operator (linear combination of P x and Q x ) then [X(£), C] is a constant and the above integral 
converges using the hypothesis (HI). It is at this point that the hypothesis: "|£| 3 ?5a^(£) belongs to i 1 (H 2 )" 
is involved. We proceed similarly for all one site operators V x . Summing up as in Proposition 3.3, one 
obtains the next result: 



= E S{ k lX2 ([[A,Q Xk ],c)+ Ti k iX2 ([A,Q Xk },c) 



Proposition 3.5. For all A and \i in A n (n > I), for all Segal operator ^ , there exists a map $ — > R Xp (Q, *) 
from jC(H 1 (A n ),'H~ 1 (A n )) into itself such that, for all A e C(H) supported in A n , we have: 



(3.) 



[A,[P x ,V An ]] , *] = Yl *a,m([[A<U*]) + ^([AQJ,*) 



w/iere <f> — > .fiTA^W is the map of Proposition 3.3. If $ is in £(H) i/ien -Ra^C^, ^) is in C{TL). One has 
R Xfl (§,Q p ) = for all p. One also see that R Xll (&,P p ) = excepted when the set {X,p,p} has only two 
distinct elements (X = p. or A = p or p = p). In that case, one gets: 

\\Rx^,P P )\\c(H)<C e-^ x -^m c(n) if A^fi 
\\Rx^,P P )\\c(H) <C e-^-p\\\<S>\\ c(n) if X = p 



4. Evolution of the position and impulsion operators. 

Using the Fock space notations, the Hamiltonian H\ n in (1.1) is written as: 



n — 1 

(4.1) H An = £ [pi + a - Q \] b y: 



n-1 

QxQx+i -1- v \ 



ypert 



AeA„ X=-n 



where the operator V^ rt is expressed as the sum (1.9). The terms in the sum verify the hypotheses (HI) 
and (H2) and let us recall that these two hypotheses are analyzed in section 3. Let us first start by giving 
the domain of self-adjointness of H\ n . 

Proposition 4.1. In the Hilbert space Wa„, the operator H An is self-adjoint with the domain H\ n - The 
operator e ltHK ™ is bounded in TL\ (k = 0, 1, 2). The operator e ltHA ™ <g> I\c is bounded in H k (A n ) defined in 
section 3 (-2 < k <2). 

Proof. We know that H An is naturally identified to L 2 (JR An ) = L 2 (IR 2 ™ +1 ) in such a way that the operators 
Pa and Q x become: 

1 <9 ^ 
Px = ~x — Qx = x x 

i ox x 



The spaces T~t% n are then identified to the usual spaces B k of the theory of globally elliptic operators (cf 
Helffer [HE]). When V£ ert — 0, the operator H\ n is a Schrodinger operator, where the potential is a definite 
positive quadratic form (if a > 2b > 0). In this case, it is well-known that H\ n is self-adjoint with domain 
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B 2 = *H\ n - Let us show that the addition of V£ ert does not modify this result. With the preceding 
identification and under our hypotheses, V\ and V Xft arc multiplications by the functions v\ and v Xfl with 
second-order derivatives going to at infinity. (These functions are Fourier transforms of functions being 
in L 1 (IR) or in L 1 (IR 2 ).) Consequently, these functions v\(x\) /\x\\ 2 and wa^(^a, Xfj)/\x x \ 2 + \x^\ 2 goes 
to at infinity. The above Proposition thus follows from Kato-Rellich's theorem. As a consequence, the 
operator e ltHhn is a well-defined bounded operator in H and in the domain of Ha„ , that is to say in H\ . By 
interpolation it is also bounded in "H\ . The latter statement comes from (3.1) if < k < 2 and is deduced 
by duality if k < 0. 

□ 

Consequently, if A belongs to £(H k (A n ),H k (A„)) then the operator 

(4.2) all ( A ) = ( e '' ffA " ® J ) ° A ° (e~ ltHAn ® J ) 

in the same spaces. In particular, the operator a^^Q^) (A e A„) belongs to C(H 1 (A n ),H). 

Proposition 4.2. For all A and [i in A n , there exists C' 1 maps t — > A x n ^(t), t — > B^(t), and t — > R x n \t) 
from IR into £(H) smc/i i/iai (omitting the superscript n in the expressions): 

(4.3) a£ (Q A ) - ^ [A v (t)Q M + B A/1 (t)P„] + i? A (t) 
(4-4) a£ (Pa) = £ [^(t)Q„ + B^(t)P„] + R' x (t) 

HEA n 

Moreover, for all 7 in ]0, 70 [, /or all M > y^S^, (where 5 7 is ifte constant number appearing in Proposition 
3.3), there exists C > smc/i that: 

(4-5) ||A A/1 (i)|| + ||S AM (t)|| + \\A^(t)\\ + \\B' X(l (t)\\ < Ce M ^e-^ 

(4.6) \\R x (t)\\ + \\R' x (t)\\<Ce M W 



First step. We shall study the differential system satisfied by: 

Q x (t)=a«l(Q x ) P A (i) = a£(P A ) 

One observes that t — > Q X (t) and t — > P\(t) are C 1 functions from IR into £(H 1 (A n ),H) verifying: 

Q' A (i) = P A (t) n(t) = -io^([Px,V An ]) 
With the operators and the constant in a x n ^ of Proposition 3.1, it follows that: 

We define an operator £(H) by setting: 

(4-7) %(t) = «J«') 

16 



With these notations, the preceding system is written as: 

(4.8) Q' x (t) = P x (t) P' x (t) = -a{ n) - i ]T W Xli (t) o Q M (t) 

To conclude, t — > (Q x (t) , P\(t)) is the unique C 1 map from 1R into £(W 1 (A„),W) solution to (4.8) and 
satisfying Q A (0) = Q x and P A (0) = P x . 

Second step. We shall now construct matrices A\^(t), . . . such that the right hand-side of (4.3) is also solution 
to the same system (4.8) and satisfies the same initial data. First, we can find an operator-valued matrix 

(4U*)> A U 1 )) in solution to: 

(4-9) j t A%(t) = Ai^t) jU^(i) = -i Y, W,At)A%(t) 

l/£A„ 

A%(0) = 6 X ,I A^(0) = 

Indeed, from Propositions 3.1 and 3.4 one see that the hypotheses in Proposition B.l (Appendix B) arc 
satisfied for all 7 G]0, 7 o[. Then, there exists a solution of (4.9) satisfying the above initial condition, and 
also, if M > 

(4.10) WA^WUm < C(M, 7 )e M l*le-^ A -"l 

An operator- valued matrix (B x (t),B x (t)) solution to the same system (4.9) verifying the same estimates 
(4.10) is analogously constructed, satisfying the following initial conditions: 

bU°) = A U°) = <M 

From remark 2 in the appendix B, one may find operators (R x (t),R x (t)) of £(H) solutions to 



^R° x (t) = R\(t) j t R\{t) = -i Y Wxv(t)H°(t) + ia { n) 



R° x (0) = Rl(0) = 
||i?i(i)ll£(H)<C(M, 7 )e M l*l J2 e-^^Kl J = 0, 1 

We define the operators of £(H 1 (A n ),H) by 

Qiw = E + B Uw + Rx, w .1 = 1, 2 

These functions verify the same system (4.8) as the functions Q x (t), together with the same initial conditions 
Q x (t) = Qx, Q x (t) = Px- Uniqueness shows Q° x (t) = Q x (t) and Q x (t) = P x (t), thus the equalities (4.3) and 
(4.4) arc true and the matrices estimates (4.5) (4.6) are valid. 

□ 



Example: The cyclic quadratic case. 

In the case of a positive definite quadratic form potential (without perturbation potentials), it is well- 
known that the equalities (4.3) and (4.4) are valid with R x (t) = and the operators A Xfl (t) and B XfJi (t) 
being real numbers. The following classical proposition may sum up this situation: 
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Proposition 4.3. In the case where the potentials V\ and (perturbation potentials) are vanishing, the 
operators (Q\) and (P\) satisfy equalities (4-2) and (4-3) where R^\t) — and the A^(t) and 
B\f!{t) are real numbers. The matrices A^ n \t) and B^ n \t) are related to the matrix W n of the quadratic 
form V^ ad in the canonical basis by the equality : 

A^(t) = cos (ty/vQ BW(t) = _ g!M^) 



One may estimate the matricial elements A\^(t) and Ax^it) using Proposition 4.2. However, in some 
cases, the inequalities of Proposition 4.2 together with the Lieb-Robinson inequalities may be strongly 
improved and explicitly written down. This is precisely the case if the perturbation potential vanishes, and 
if the quadratic potential takes the following form (with an interaction between the two ends of the linear 
chain) : 



V A n C \ X ) = 7;\ x \ 2 - b X >~ X ^+l ~ bx nX- 



In that case, we can make the estimates of proposition 4.2 more precise if the distance d(A, /j.) = |A — /i| is 
replaced by the cyclic distance on A„, d n (X, fi) = d(X — /j,, (2n + 1)7L). 

These improved estimates follow on from [NRSS] in the cyclic quadratic case. Let us give here a 
simplified proof of a perhaps less precise type of estimates. 

In the cyclic quadratic case, the analysis of chains of oscillators involves the dispersion relations u)(6) = 
Va — 2b cos 8 (cf Cohen- Tannoudji [CT]). It is the natural to give a corresponding complex expression by 
setting 



(4.11) Cl(z) = ^/a-b{z + z- 1 ) 

This function is analytic in C\{] — oo, zi] U [z 2 , 0]} where z\ and z-i are the roots of bz 2 — az + b = 0. Note 
however that, the function |Imf2(z)| is well defined on C \ {0}. Set, for all 7 > 

(4.12) M( 7 ) = sup |Im Q(z)\ 

\z\=e~< 

This function is well-defined on C \ {0}. 

Proposition 4.4. Under the above hypotheses and for all 7 > there exists C(j) > 0, independent on n 
such that, the matrices A^ n \t) and B^ n \t) of Proposition 4-3 satisfy: 

|42(*)| + KJ(t)\ + \j t A^(t)\ + \j t B^(t)\ < C( 7 )el*l^)e-^(^) 
where M( 7 ) is defined in (4-12) and d n (A,(i) = d(X — /j,, (2n+ 1)21). 

Proof. The matrix W„ of the quadratic form V^ vcl , and therefore all the matrices A^ n \t) and B^ n \t) are 
functions of the cyclic shift operator S„ defined in M A " by 

_ J e j+ i if -n < j <n 
nej_ le- n if j = n 

More precisely, one has W n = al + bS n + bS^ 1 and 

A^(t) = f(S n ,t) B™(t)=g(S n ,t) C^(t) = h(S n ,t) 
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where we set, using the function Q(z) defined in (4.11): 

sm(m(z)) 



(4.13) 



f(z, t) = cos(m(z)) g{z, i) = 



Sl(z) 



h(z,t) = - sm(tn(z))fl(z) 



These functions are analytic on C \ {0}. The proof uses the following elementary lemma: 

Lemma 4.5. Let S be a unitary operator in an Hilbert space H. Set f(z,t) the function defined in (4-11) 
and (4-13) where a > 2\b\ > 0. Then, one may write for all t € H: 

f(s,t) = J2 c ^)s k 

keTL 

Moreover, one has for all 7 > 0, for all t e 1R and for all k £ 7L , 

\c k (t)\<e-^ i- J J ' \f(e^e ld ,t)\d9 
The same result holds for the functions g and h defined in (4-13). 

End of the proof of Proposition 4-4- Since S„ n+1 = I, the sum in Lemma 4.5 is written as a finite sum, and 

2n 

A<">(t) = f(S n ,t) = ^a fc (t)5* a k (t) = c k+p( 2n+i)(t) 



k=0 



peTL 



where the Cj(t) are the coefficients of Lemma 4.5. Consequently, if — n < A < fi < n and 7 > one has: 

= \(f(S n ,t)ex,e„)\ = K_ A (*)| < K-*+ P (2n+i)(t)\ 

peTL 



< 



^2 e -7lA»-A+p(2n+l)| 

pe"ZL 



^fj\f{e^e i6 ,t)\d6 



There exists 6*1(7) an d 62(7) independent of n, such that: 



e —r\n-\+p(2n+i)\ < d(^)e~ 7dn< ^ x '^ 

pen 



2tt J 



|/(eV e ,t)|d#< C 2 ( 7 )e |t|M(7) 



where M( 7 ) is defined in (4.12). As a consequence, \A ( ^(t)\ < C 1 (-f)C 2 (j)e^ M< -^e"' d ^ x -^ . Similar 



estimates for the matricial elements B^(t) together with its derivatives may be obtained. The proof of 
Proposition 4.4 follows. 

□ 



5. Evolution of the commutators. 

From Proposition 4.1, the commutators [A, (Q\)] and [A, (P\)] are defined as operators taking 
H 1 (A„) into H~ 1 (A n ), for all A in £(H) supported in A„, and for all t € H. 
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Proposition 5.1. For all A G Wi supported in A n and for all t e IR i/ie commutators [A,a$ {Q x ^)] are 
bounded in H ( A € A n , < j < lj. For a/Z 7 m i/ie interval ]0,7o[ and for all M > ^/~S^ there exists 
C(M, 7) > 0, (independent of n) such that: 

(5.1) ||[A,aW(Q«)]|| £(w) < C(M, 7 )e M l*l £ || [A, Q^]\\c(H) 

0<fc<l 



First step. Assuming first that A is only in £(H) we shall study the differential system satisfied by the 
functions: 

(5.2) ^ ) (t)=[A,a ( il(Q^)} < j < 1 
The $ J A 's are C 1 maps from IR into C(H 1 (A n ),H- 1 (A n )) and verify: 

= $i(t) = -i[A,a£([P A ,y An ])] = (A), [P A , V A J]) 

Using the operators if A ^ of Proposition 3.3, 

[4; 4) (A),[p A ,u A j] = 2 ^([^(A)^,]) 

Next set K X/J/ (t) the operator taking £(H 1 (A„), W _1 (A„)) into itself and defined by: 

(5.3) ^Am(*)(*) =«S(^A M (afc; t) *)) V$e£(W 1 (A„),W- 1 (A„)) 
With these notations the system becomes 

(5-4) |$° A (i) = *i(t) = -i J2 (*£(*))■ 

Summing up, for all A in £(H), supported in A n , the functions $ x (t) defined in (5.2) (A e A„) are C 1 from 
IR to C(H 1 A n ),H~ 1 (A n )). These maps are bounded independently of t and verify (5.4). It is the unique 
solution to (5.4) having these properties together with: 

(5-5) Z° X {0) = [A,Q X ] t>{(0) = [A,P x } 

Second step. One may find operators-valued matrices (A Xfl (t), A Xfl (t)) in C{C(TL)) satisfying: 

(5-6) j t A%(t) = A^(t) jA\^{t) = -i £ K Xv (t) o A%(t) 

(5-7) A%(0)=S X ,I A^(0)=Q 

In (5.6) the composition is now the composition in C{C(TL)) and in (5.7) the identity operator is the identity 
in C(£(H)). Indeed, for all 7 in ]0,7o[, the hypotheses in Proposition B.l are satisfied, by Proposition 3.4. 
If 7 is in ]0, 7o[ and if M > \/~S^ there exists C(M, 7) such that 

(5-8) \\Ai^t)\\ c[c(H)) <C{M, 7)e-^-"l 
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We can find, by a similar construction, operators- valued matrices (B x (t), B\ (t)) of C(C(H)) satisfying the 
same differential system (5.6) together with the same estimates (5.8) and the new initial conditions : 

(5-9) 5^(0) = Bl(0) = S x ,I. 

Suppose now that A belongs to Wi and is supported in A„. The operators [A, Q\] and [A, P\] are in C{TL). 
We then define the operators in £(H) by: 

= J2 A{^t)([A,Q,]) + B^(t)([A,P,]) j = 0,1 

£i(EA„ 

These functions, taking values into £(H), satisfy the same differential system (5.4) with the same initial 
conditions (5.5) as the functions $^(f) (being a priori in C(H 1 (A n ),H~ 1 (A n )). Uniqueness shows that 
<& x (t) = ^ 3 x (t). The functions & x (t) defined in (5.2) have therefore the stated properties. 

□ 

For all A and in A„ the commutator [Q x \ a£ (Q^)], (0 < j,k < 1) is bounded from W X (A„) into 
H~ 1 (A n ). We shall obtain that it is an element of C(TL) and we shall estimate its norm. 

Proposition 5.2. Under the hypotheses (HI) and (H2) of section 1, for all A and \x in A n , the commutator 
[Q\\($(Q^)] (0 < j,k < 1), is a bounded operator in 7i. Moreover, for all 7 in ]0, 7o[ and for all 
M > y/S^, there exists C(M, 7) > 0, (independent of n, t, A and fi) such that: 

W.aSWj,*')] < C(M, 7 )e M l t l e -^ A ^ < j, k < 1 



Proof. Using the matrices A Xfi (t) and B 3 x ^{t) {j = 0, 1) defined in the second step of Proposition 5.1 one 
shows that: 

[A,«£ (<#'>)] = A%(t){i) [Qx, a ( Z(Q^)} = <(*)G0 < j < 1 

The proof uses the same points as those in Proposition 5.1. Then Proposition 5.2 follows from the estimates 
on these matrices being analyzed in Proposition B.l. 

□ 



Let us now consider commutators of length two. 

Proposition 5.3. If A is in W 2 , then the commutators [[a£ (A), Q x ^}, Q x ^] are in C(H), (t e IR, Ai 

and A2 in A n , < Ji,j2 < lj- Moreover, if 7 is in ]0,7o[ and if M > there exists C — C(M,j) such 
that: 



(fii,M2)e A „ 

0<fci ,fc2<! 



)(*2 
'M2 



E 

0<fe<l 



-7d(f,{Ai,A 2 })| 



[A, Ql k) ] 



First step. Set A in C(TL). We show that the functions defined for all real t by: 
(5-10) - [[Aa«(Q£>)], ag^)] < < 1 
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are C 1 functions taking values from IR into £(H 2 (A n ),Tt 2 (A„)) and verifying the following differential 
system where the operators K Xfl (t) are defined in (5.3) and where the operators i? Ap are given by Proposition 
3.5: 



(5.11) 



(5.12) 



MieA„ 



(5.13) 



(5-14) ^ $ "a 2 W =~i E *W*)«A 2 (f)) "i E + F AliAa (t) 



f*ieA„ 



^2GA„ 



(5.15) 



F Al;A2 (i) = - E ^km^^)-^]-^) 

A*iGA„ \ / 



The system of functions & Xlfl2 (t) ^ s tne UIUC l ue solution to the differential system (5.11)... (5.15) satisfying 
the initial conditions: 



(5.16) 



KtW = [[4 Off], 0^] o<ix,i 2 <i 



Let us give more details, says, for the proof of (5.14). Following the differential system satisfied by 
A„ \Qx) and a£(Q M ) 



a< A (Qx) and (Q M ), (see the first step of Proposition 4.2) one observes that: 



J t Kx 2 (t) = ^ a^\^[[a[l t \A)AP Xl ,V A J],P X2 ] + [[a[- n t \A),P Xl } , [Px 2 ,V A J 

Using the operators K Xfl of proposition 3.3, one gets: 

[atV^MPA^j] = E K x ^([[a { ^\A),P Xl lQ, 2 }) 

P2GA„ 

Also using the operators R Xtl of proposition 3.5, one sees that: 

" [a A - n 4) (A),[P Al ,y A J ],P A2 ] = E ^([ WC ] (A),Q^ : P X2 ]) +R Xwi {[a { An t \A),Q^ 1 } , P Aa ) 

MiGA„ 

Equalities (5.14) and (5.15) then follows. 

Second step. Suppose now that A is in W 2 - We shall show that the operators F Xl , X2 (t) defined in (5.15) are 
in CiTi) and we shall estimate their norms. More precisely, we shall show that if 7 e]0,7o[ and M > y/S^, 
one has: 



(5.17) 



\\F Xl , X2 (t)\U {n) <Ce M W E e-^-^-^M^M) [ A ,Q^\ 



0<k<l 
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Indeed, from Proposition 3.5, if Ai 7^ A2, then the sum in (5.15) is reduced to two terms: the one with 
Hi = \\ together with the one with /ii = A2. In this case, one has: 



If Ai = A2, one has, from Proposition 3.5: 

\\F> lM (t)\\c(H)<c ]r ^ o|Ai - wl ii[4;* ) (^)^, 1 ]ii£(«) 

/ji£A„ 

Following Proposition 5.1, one sees, if M > y^Sy 

ll[4;* ) (^):0, 1 ]k(«) = ll[A«i!(^ 1 )]ll£(«) <C(M, 7 )e M l*l £ e-^^l|p,Q( fe )|| 



C(H) 



»£A„ 
0<fc<l 



and the estimates (5.17) are easily deduced. 

Third step. If A is in W2, then the initial data (5.16) arc in C{TL). From the remarks below Proposition 
B.l, if 7 is in ]0,7o[, the system (5. 11). ..(5. 14) has a solution fl^ 1 ^ (t) in £(W) satisfying (5.16). Moreover, 
if M > 2^/S^, there exists C(M, 7) such that: 

IKlWIkw) <C(M, 7 )e M l*l X! e - 7(|Al ^ ll+|A2 - Ai2|) ll[[A0| 1 fc 1 l) ], + - 

(mi ,M2>e A S 

0<fc! ,<i2< 1 

... + C(M, 7 ) ]T e -7(l^-^l+|A 2 -^l) /" e M|t- s | H^^^H^dfl 
0*i,M2)eA2 - 70 

The proof of this proposition then follows from the estimates of F l _ tli ^ 2 (s) in (5.17). 

6. Evolution for a finite number of sites. 

From proposition 4.1, the operator e ltHAn ® 7 is bounded in the TC k (A n ). However, when following the 
proof of Proposition 4.1 the norm of this operator could depend on n. On the contrary, the next proposition 
provides a bound independent on n. 

Proposition 6.1. The operator e ltIiK ™ <g> I is bounded in H k , (0 < k < 2) with a norm < Cke Mk ^ where 
Cfe > and > are independent of all the parameters. For all A e C(H k ,H), (k — 1,2) with finite 
support, if A n contains the support of A, one has: 



(6.1) 



<M)\\c(H*,H)<C k e M ^\\A\\ c{Hk , H) 



Proof. Set / e H 1 . From Proposition 4.2 and for all A £ A„ one see: 

\\Qx(e itH ^ ® - \\a < k - t) (Q x )f\\ < \\Rx(-t)f\\ + £ [\\A^(-t)Q,f\\ + \\B<$(-t)PJ\\ 

We deduce from the estimates (4.5) and (4.6) that, if 7 e]0, 70 [ and if Mi > \/S^ then 

\\Qx(e itH ^®I)f\\ < C x e M ^ 11/11 w 
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with C\ > 1 independent of n and t. If A is not in A„ then the same inequality is valid since Q\ commutes 
with e ltHAn <8> /. We proceed similarly with the operators Pa proving that \\e ltHKn ® iWcin 1 ) < Cie Ml '*'. 
Action in Ti 2 . For all Ai and A2 in A„ we have from the above points: 



|| Q Cfc) Qg.) (e i^ An 

One see: 



® J)/|| = ||q£> (e^ < Cr 1 e^l*l||afc; t) (Qg' ) )/ll^ 



<^e Ml l*l[ 11/11+ ||g( fe) /|| wl 

for all /igA„. 

The two above terms have been estimated using Propositions 5.2 and 5.1 respectively. One deduces 
(with another constant C 2 ) that, HQ^ Q^\e- itH ^ ® /)/|| < C 2 e 2Ml l*l ||/|| W 2. The proof is completed. 

□ 



Theorem 6.2. //A is in Wfc with a finite support, and if A n contains the support of A, then a^(A) is in 
Wk (0 < k < 2). Moreover, there exists two constants Ck and Mk independent of A, n and oft, such that: 

(6-2) \\4l(A)\\w k <C k e M ^\\A\\ Wk 



Proof. The norm in £(H) is conserved by . By Proposition 5.1, if A e Wi is supported in A„ and 
if A e A n then the commutators of A with a" A ^(Q^) are bounded operators. Thus, the commutators of 
a$ n (A) with are bounded operators if A e A„. Since these commutators are vanishing when A ^ A„ 
then (A) is in W\. If 7 > is in ]0,7o[, and if Mi > y/S^, we see that: 

J2 II II < C{M U1 ) e M l*l J2 e-^\\ [A,QW] \\ 

"S^ 1 o<j, k <i 



< Ci(M!,7) e M l t lp|| VVl sup V e -Td(A,/*) 
Consequently, there are Ci > and Mi > such that (6.2) is valid for k = 1. 

Action in W 2 . Proposition 5.3 shows that the commutators written as [a^ (A), Q^]i Q\^] are bounded 
operators and are vanishing if Ai or A 2 is not in A n . Consequently, (A) is in W 2 . If 7 is in ]0,7o[ and 
M 2 > 2^fS^ then Proposition 5.3 implies that inequality (6.2) is verified for k = 2. 

□ 



7. Existence of dynamics in the Weyl algebra. 

The number of sites shall now goes to infinity. The proofs of theorem 1.1 and 1.2 on the existence of a 
limit rely on the description of the difference 0$ ( A) — 0$ ( A) . 

Proposition 7.1. There exists C > 0, M > and 7 > satisfying the following properties. For all A G W 2 
with finite support and for all integers m and n verifying < m < n and such that A m contains the support 
a (A) of A, for all t e IR, one has: 

(7-1) ||a£, (A) a { Z{A)\\ c{H ^ H0) < C\\A\\ m e M\t\ e -^ { A),A L) 
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Proof. For m < n we denote by V%£ er the potential of the interaction between A m and A„ \ A m : 

V™* er (x) = -bQ m Q m+1 -bQ_ m Q_ m _ 1+ Yl V ^ 

where E mn denotes the set of pairs of sites (A, /i) such that, one of the site (A or fi) is in A m and the other 
site belongs to A„ \ A m . For all 9 <E [0, 1], set: 



rinter 
' ran 



H mn = H An - (1 - 9)V? n 

One may define a unitary operator by e ltHmn0 and set: 

a^ ng (A) = ( e UH ^ ®7) A ( e -«»m»» ® 7) 
Thus, if A is supported in A m and if m < n: 

« { ±M)=aV(A) a^ n0 (A) = a^JA) 
The function ip(t,6) — ^a^ ne (A) verifies: 

^ = i[ff mne , V ] + i [V™r , ^ ne (A) } <p{0,6) = 



Consequently: 

d_ 

09 



Jo 

One obtains the integral representation: 



« ( Z(A)-a<g n (A)=i f f aiJ([V^,a% ne (A)])dsd6 
Jo Jo 

Applying Proposition 6.1 to the operator H mn g which verifies the same hypotheses as H\ n , we deduce that 
there exists C > and M > such that: 

\\af n {A)-af m {A)\\ c{H ^ H0) <C f l\ M ^\\K^ ' ^ ne {A)\\\ c{H ^ H) dsd6 

Jo Jo 

for all (A, jj) in E mn . Applying Proposition 3.2 to the operator a^ n6 (A) belonging in W 2 we obtain: 



Similarly: 



l<j+k<2 



\\[QmQm + i,a^ ne (A)}\\ c{Hl!H0) <C J2 W(adQ m y (adQ m+1 ) k a ( :l e (A)\\ 

l<j+k<2 



Summing on the pairs (A, fi) in E mn we get: 

W^ er ^ ne {A)]\\ c(WtH0) <C ]T e ~ 70lX ~" 1 E \\HQ,y (adQ n ) k a^ ne (A)\\ 

(\,n)£E mn l<j+k<2 
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Consequently: 

(7-2) \\a ( ll(A)- a { ll(A)\\ ciHliH0) <... 

... < C ]T e-''^ f fe M \*-°\\\{ad Qrf (ad Q,) k a^ nfs (A)\\ dsdO 
(1 ,,) £Em Jo Jo 

l<j+k<2 

Proposition 7.1 then follows from the next lemma, which shall also be used in section 8. 

Lemma 7.2. If -f is in ]0,7o[ and if M > 2^fS^ then there exists C(M, 7) such that, for all n, for all 
disjoint sets Ex and E 2 included in A n , for all A e W2 supported in Ex, we have: 

J2 e-^-^\\(ad Q Xl ) a (ad Q X2 f a^ n6 (A)\\ < C(M, 1 ) \\A\\ W2 e M N e ~^ E ^ 

(Ai ,A 2 )£A„ XE 2 
l<a + /3<2 



This lemma is deduced from propositions 5.1 and 5.3 applied to the Hamiltonian H mn e. Proposition 
7.1 is a consequence of (7.2) together with this lemma, setting Ex = <j(A) and E2 = A„ \ A m . 

Proof of theorem 1.1 and 1.2. From Proposition 7.1 the sequence a^(A) is a Cauchy sequence in C(H 2 ,H) 
and thus converges in C(H 2 ,H) towards an element which is noted a^(A). By Proposition 6.2, we 
have ||a^(^4)||w 2 < C eM '*'ll-4||w 2 - Following theorem 1.4 the operator oft\A) is in W 2 with a norm 
< Ce M l*l ||^4|| w 2 and for all / e 7i, the sequence (A)f strongly converges to a^(A)f. The classical 
continuity of the map t — > 0$ (A)f for all n and for all / together with the above inequalities, show the 
continuity of the map t —* 0$ (A)f . 

Extension of to the algebra W 2 - Set A in W2 with an arbitrary support. From theorem 1.3 there exists 
a sequence (A n ) in W 2 with finite supports such that: 

\\A n \\w 2 < \\A\\ W2 lim \\A n - A\\ C (w,n) = 

n— >oo 

The operator a^(A n ) is well-defined in view of theorem 1.1 and 1.2 since the A n have finite support and 
one has: 

(7.3) ||a«(A„)|| W2 < Ce M W\\A n \\ W2 < Ce M l'l||A|| W2 

If m < n then we also see from theorem 1.2: 

\\a^(A n - A m )\\ c{n * >H ) < C e M|t| ||A„ - A m \\ c(H , tH) 

The sequence a^(A n ) thus converges in C(H 2 ,H) to an clement that is denoted a^(A). From (7.3) and 
theorem 1.4 this element is in W 2 and it verifies: 

\\a^(A)\\ W2 <Ce M ^\\A\\ W2 

The group is therefore extended to the whole algebra 
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8. Lieb-Robinson's inequalities. 

Proposition 8.1. For all 7 in ]0,7o[ and for all M > 2^fS^, there exists C(M, 7) > such that, for all A 
and B in W 2 with finite supports cr(A) and cr(B), for all n such that A„ contains a (A) and cr(B), for all 
t € H we have: 

„(*) , 



(8.1) [aZiA),B] < C(M, 7 ) ||A|| W2 \\B\\ m e^e 

L{H . H ) 



M\t\ p - 1 d(a(A),a(B)) 

•-UVV2 \\ J -'\\VV2 1 

The same inequality is valid when replacing by . 



Proof. From corollary 2.6 applied with the operators B and a^ n (A), (both having their support in A„) one 
has: 

\\[a<il(A) , B]\\ c(W>n) < C \\B\\ m J2 IIH Px) J (ad (4)) || 



l<j+fc<2 



Inequality (8.1) then follows by applying Lemma 7.2 to the sets E\ = cr{A) and E2 = cr{B). The analogous 
inequality for a^\A) is then deduced since \\a^ (A) — (A)\\ C (n 2 ,H) tends to 0. 

□ 



Propagation speed. Set: 

(8.2) V = inf 

0<7<7o 7 

where 5 7 is the constant given in Proposition 3.4. For the case of interaction with nearest neighbors the 
infimum bound is taken on ]0, 00 [. 

Proof of theorem 1.5. Set A and B in W2 with finite supports cr(A) and a(B). Set (h n ,t n ) a sequence in 
7L x IR with \t n \ — » 00 and with |/i„| > «i|t n | where «i > Vb, Vo being defined above. Set 7 e]0,7o[ such 
that 2y>% < D17. Set M such that 2^5^ < M < U17. The sequence M\t n \ - jd(a(A), {<j(T hn (B) j) tends 

to —00. For all / e H 2 the inequality (8.1) (with replaced with a'*') shows that: 



lim 

n— >oo 



= 

H 



[a^\A),r hn (B)]f 
The result is extended by density to all f £ H. 

□ 

Appendice A. Approximation of operators. Proof of Proposition 2.5. 

We shall first prove Proposition 2.5 for two finite subsets E and F de 7L such that E C F with their 
difference F\E being reduced to only one element A. Operators in C(Ttp) shall be identified using the map 
ipTL with the elements of £(H) supported in F. We denote by Wk{F) the set of all A in £(Hf) such that 
■iF7z(A) is in W k - 

Proposition A.l. There exists a constant C > such that, for all finite subset E and F inTL written as 
F = E\J{\} where \e2L\E, for all T in W 2 (F), 

(Al) \\{T-iEFO PFE {T))f\\ c(H ^ H) <C Yl \\{adPxy{adQ x ) k T\\ c(H) 

l<j+fc<2 



End of the proof of proposition 2.5. If E C F C G then one has pqe = Pfe Pgf and iEG — ^fg 
iEF- Consequently, if F = E |J{Ai, ...A m } then we successively apply proposition A.l with the set Ek = 
£[J{Ai, -A fe } (1 < k < m) and E a = E. We obtain, for all T in W 2 (F): 

m 

\\{T-l E F O PFe{T))\\c(HKH) < H Tfc ~ { E k -iE k O PE k E k - 1 (T k )\\ c(H 2 H) T k = pFE k (T). 

k=l 
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Proposition 2.5 thus follows from proposition A.l applied with the operators Tk- 



Notations. denotes the ground state of the space 7~l{\} associated to the corresponding creation and 

annihilation operators a\ and a* x . One knows that H{ X } is associated with the orthonormal basis (/ij)(j>o) 
defined by: 

h a = h j+1 = u + iy 1/2 a * x hj 

When identifying H{\} with L 2 (IR), this basis is the basis of Hermite's functions and a\hj = \/jhj-i (j > 1). 
We shall use the following notations for the operators belonging to the tensorial product Hf = He® 
We set A = I <g> ax, A* = I <g> a* x and for all T G C(H F ) we set R(T) = pfe{T) ® I where p(T) is defined 
in section 2 by p(T) = -k* ef Titef- Thus R(T) = iefPfe{T). In order to generalize the operator ttef we 
define for all j > an *S?j from H e into by 

(* j f) = f®h j 

We denote by 'J* the adjoint operator of in Hf- 

With these notations, we can sum up some of the usual properties on Hermite's functions with the next 
lemma: 

Lemma A. 2. With these notations one has: 

oo oc 
j=0 j=0 

J/ we denote by H m (E, F) (m>0) the partial Sobolev space consisting of the f e Hf such that: 

oo 

ii/iiW^ = X>+^*^i& b <oo, 

3=0 

then the operator AA* with the domain H 2 (E, F) is self-adjoint and verifies AA* > I. One has for all a € TR 
and for all j > 0: 

(A3) (44*) a $j = (j + l) a ^ 3 $*(AA*) a = (j + 

We have for all j > 1 : 

(A4) A*, = v7*j-i *K = V7*i-i 

(i/j = i/ien i/ie ng/ii hand-sides are replaced by 0.) For all j > 0, we have: 



(A5) A*Vj = V7TT^+i = vT+T* 



For each operator T in L(Hf) we define an operators-valued matrix ajk(T) in L{He) by: 
(A6) 0j - fc (T) = *£T* fc 

Thus ttef — and Pfe(T) = A m {T). The norm of an operator T in C(H F ) may be estimated starting 
from those of the ajk(T) using the following proposition which is a variant of Schur's Lemma. 

Proposition A. 3. Set T an element of L(Hf)- Suppose that there exists M > such that, for all k > 
and for all <p in He: 

(A.7) E \WMTMn E < My\\ nB £ hjk(T*)v\\n E < M\\<p\\ nB 

j>0 j>0 
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Then \\T\\ c{Hf) < M. 

Proof. From lemma A. 2, for all / and g in Tip one gets: 



jk 



One has: 



\(a ik (T)nf , **j9)\ < \\a ik (T)nf\\ 11*^11 
This scalar product may be bounded by: 

\(a jk (T)nf , ** ja )\ < wnn K*cn**^ii 

Consequently: 

\(a jk (T)nf , **9)\ < (\\a jk (T)nf\\ linn)^ (UMT^^H \\^g\\) 
From Cauchy-Schwarz: 



1/2 



< 



j2\MT)nn wnn 

jk 



(Tf , g) 

Noticing that (a,j k (T)) = a k j(T*) we obtain: 



J2\MTT^g\\ 11**511 

jk 



(Tf,g) 



< M 



fe>0 



j>0 



< M*\\f\\* H Jg\\* HF 



The proof of proposition A. 3 is completed. 



□ 



Proposition A. 4. Set T an element in Wi(F). Assume that there is M > satisfying for all ip in He: 

TLe 



(A8) 



(A9) 



sup > 

k>of^ ^(3 + l)(k + l) 



<M\\<p\\n E 



\\Tf\\<MV2\\{A\)\f\\ + V2||K,T]|| 



*>o^ v/(.? + l)(fc + l) 

Then 
(A10) 
for all f in H 2 (E,F). 

Proof. Set S the operator S = (AA*)- 1 / 2 T(AA*)- 1 / 2 . By lemma A.2 we have: 

ajk(T) 



a jk (S) 
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Under the hypotheses of the Proposition the operator S is then bounded in Tip with a norm < M. From 
lemma A. 2 and for all g in Hf, we get 

||(AA*)-V»A* fl || a = E -illl^-i5ll 2 > \ E ll^ll 2 = ^l.9ll 2 

j>l J j>0 

Consequently, for all / in Tt 2 (E, F): 

\\Tf\\ < V2\\(AA*)~ 1/2 A*Tf\\ < V2\\[A\T]\\ \\f\\ + v^||(^4*)- 1/2 TA*/|| 
Indeed the operator (AA*)~ 1/2 has a norm < 1. We have: 

\\(AA*)-V 2 TA*f\\ < \\S(AA*) +1 ' 2 A*f\\ < M\\{AA*) +1 ' 2 A* f\\ = M||(A) 2 /|| 
Consequently, inequality (A. 10) thus follows. 

□ 

We shall apply proposition A. 4 to the operator T — R(T) noticing that R(T) commutes with A and A*. 
The operator R(T) is chosen such that aoo(T — R(T)) = 0. Using commutators, we shall estimate all the 
others elements aj k {T — R(T)). This is the purpose of the next proposition. 

Proposition A. 5. Under the hypotheses of Proposition A.l, for all k > and for all ip in He we have: 
(All) Sk (T, V ) : =^ ^fc^M <q M | £ \\(adP x r(adQ x fT\\ c{n) 

and a similar expression holds when replacing T by T* . 
Estimations of So{T,ip). We shall prove that: 
(A12) S Q (T, V ) <\\[A,T}\\ \\<p\\ 

From lemma A. 2 (point A. 5), one sees for all j > 1 that: 

y/ja j o(T-R(T)) = ** j _ 1 [A,T\* 
Since a m (T - R{T)) = 0, it is deduced using (A. 2) that: 

1/2 r -| 1/2 



5 (r,y)<E ^(j + i) l|V ^ l[AT]VM " 



Eii^-i[at]^ii 2 



<H[A,r]*ovll < II [A Jin imi 

Inequality (A. 12) is therefore true. 

Recursion between the Sk(T, tp). If k > 1 we shall prove that: 



(A13) Sk (T,cp)< 1 ^S k - 1 (T,v)+ ( j^ 



|[AT]|| + ||[A,T]||+ || [A\[A\T] 



To this end, we use the fact that, if 1 < j < k the we have from (A. 4) (A. 5): 

Vka jk (T - R(T)) = y/j aj -i, k -i(T - R(T)) + *J[T, A*]* fc _i 
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If j = then the first term above has to be replaced by 0. If j > k then we use: 

y^a jk (T - R(T)) = Vka^ hk ^(T - R(T)) + ^[A.T]** 
Then we are able to write S k (T, <p) < S' k (T, <p) + S' k \T, <p) + S' k "{T, <p) where: 

7 M ||o 3 --i, fc -i(r-iz(T))y|| ^ k 



^(2» = £mf 



V k ' y j J 

CO 

SZ{T,<p)= 



From (A. 2) and since = |M|: 

1 



S' k '(T,v)< 



Vk + T 



? x i (j + i) 



i=fc+ 



1/2 



1 1/2 



i>i 



< m ll[T,A]|| |M| 



If fc = 1 then we see that S'"(T,tp) < \\[A*,T]\\ \\tp\\. If fc > 2 then the estimation of S' k "(T,ip) involves 
commutators with length 2. We still have, if j < k: 

v^T^pr.A*]**-! = v ^**_ 1 [T,A*]* fe _ 2 + **[[T,^],A*]* fe _ 2 

Consequently, if k > 2: 

ft V*-i v^JTiWfc+T) 



+ 



||*J[[T,A*],A*]* fc _ 2V || 



^ V(j + i)(fc + l)fc(fc-i) 

Using again Cauchy-Schwarz and lemma A. 2, we obtain if k > 2: 

1 



VHk - 1) 



|[A*,rni + ||[A*,[A*,T]]|| imi 



We then deduce the validity of (A. 13). Inequality (A. 11) follows by iteration on (A. 12) and (A. 13). The 
proposition A.l is a consequence of Propositions A. 4 and A. 5 and the proof of Proposition 2.5 is finished. 



Appendice B. Differential systems. 



Proposition B.l. Suppose that we are given for all A and n in A„ a continuous map t — > VL\^(t) from IR 
into C{C(TL)). Assume that there are 7 > and 5 7 > such that, for all A and v in A n , for all t £ IR: 

(B.l) J2 WtoxMUwm e-^~ v \ < S,e-^\ 

Then, for all seE, there exists functions t — > A^|](t, s) and i — > -A^(t, s) f(A, /u) G A^J femj C 1 /rom IR 
mto C{C(TL)) such that: 

(B.2) j t ^(t,s)=A^(t,s) |4>,*)= E 
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(B.3) A%(s,s)=6 x ^I A^( s ,s)=0 

(in (B.l), the composition is the one of £(£(H)) and in (B.3) the identity operator I is the one of £{£{H)).) 
Moreover, if M > yJ~S^, there exists C{M 1 7) > independent of n such that: 

(BA) Pg(MIU(£W) < C ( M ^) e M ^e-^-^ V(A^) e A* 

There are also operator-valued matrices t — > B^ (t, s) and t — ► £?^] (i, s) satisfying the same system together 
with the same estimations and the same initial conditions: 

(fl.5) B%(s,s)=0 B{ lt ( 8 ,8) = 5 Xli I 



Proof. Let E nj be the set of all matrices A = (Aa, m )((a,^)gA2 ) where each A\^ is a map in £(£(H)) which 
is associated with the norm: 

\\A\\ nn = sup \\A^\\ c{c{n)) 

(A,ju)eAJ 

The left composition by the operators- valued matrix fix/i(£) defines a map fl(t) in £(E ni ) with a norm < S* 7 . 

For all e > we can associate to a norm such that 

n 1 

u ® = {m 0) 

is < y/S^(l + e). The stated result is then valid. 

Remark 1. In the tensorial product (E^)(g>(E^) let V(t) be the map defined by V(t) = U{t)®I + I®U(t). 
For all e > one may associate (E^ ) ® (-EyL) with a norm such that the map V(t) is < 2y / £^(l + e). 
Consequently, if M > 2-^5^ and if A n is in (E^) ® (££ 7 ) then the differential system: 

i4'(t) = A(0) = A 

has a solution taking values into (E%~) ® ) an d with an time exponential growth e M ' 4 '. 

Remark 2. If we are also given the continuous functions t — > from 1R and taking values into then 

the family of functions t — > xj^ (t) defined by: 

X^(t)= J2 f Bi^t,s)(F»{s))ds 

satisfies the differential system: 

|xj°>(t) = - E <w*)(4 0) (*)) + *W) 

together with the initial conditions X^(0) = and the following estimates (for example if t > 0): 

u4 j V)ik«) <c(m, 7 ) E e_7|A ^' A^'llWIUw ^ 
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